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president



  

1978 (?)

David Wheeler conceives a data 
compression algorithm based on reversible 
transformation on the input text, but 
considers it too slow for practical use

Space 
Invaders 
released



  

1994

Mike Burrows improves the speed of the 
compressor.  B&W  co-author the technical 
report describing a “block sorting” lossless 
data compression algorithm.

The algorithm splits the input in blocks and 
computes a reversible transformation that 
makes the text “more compressible”

The transformation has been later called the 
Burrows-Wheeler transform.
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The BWT

Consider all rotations
of the input text
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The BWT

Consider all rotations
of the input text

Sort them in 
lexicographic order     
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The BWT

Consider all rotations
of the input text

Sort them in 
lexicographic order     

Take the last character
of each rotation 
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The BWT was computed using a  O(n2) 
algorithm, fast for non-pathological cases.

The output of the BWT was compressed 
using Move-to-front and Huffman/Arithmetic 
Coding 

The resulting prototype was superior in 
compression and of similar speed wrt gzip 



  

1997
First Harry 
Potter novel 
published



  

In 1997 Julian Seward releases the bzip 
compression tool based on the BWT.

It was highly optimized, and could be used as 
a drop-in replacement of gzip, both command 
line and library version 

Suffix sorting based on Bentley-McIlroy 
ternary quicksort + tricks O(1) working space, 
quadratic time worst case   



  

Improve compression

Explain the compression (relate it to known 
quantities, such as the entropy) 

Improve (de)compression speed, and reduce 
working space

1997-2000

Research on BWT compression was able to:



  

2000

First results on compressed indices: the BWT 
can replace the Suffix Array for exact off-line 
pattern matching.

   

First draft 
of Human 
Genome 
Project 
completed

R. Grossi, J. Vitter. Compressed Suffix Arrays and Suffix Trees with 
Applications toText Indexing and String Matching, STOC 00

V. Mäkinen, Compact Suffix Array, CPM 00

P. Ferragina, G. M. Opportunistic data structures with applications, FOCS 00



  

To efficiently search in a 1GB file it was 
necessary to build a full text index of size 5GB

Now a BWT-compressed file of size ~300MB 
was able to store the original text and a full text 
index

An unexpected 16x space reduction!

What does this mean?



  

A happy coincidence

People was looking for tools to search in the 
recently assembled human genome

Traditional full text indices did not fit in RAM

Thanks to the 16x space reduction, 
compressed indices did!

Bowtie [Langmead et al. 09], BWA [Li et al, 09], 
SOAP2 [Li et al, 09] are extremely popular 
aligner based on a BWT index. 



  

In the meantime...

Researchers were able to devise compressed 
indices using other compressors (eg LZ77)

BWT variants designed only for data 
compression met limited success…

… while BWT variants for indexing objects 
different than texts flourished



  

BWT variants were devised to compress and 
index Trees, Graphs, Alignments,… 

Their common trait is that they provide a space 
efficient solution to an offline matching problem

We now have a reasonable idea of why this is 
possible
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aabaacbc

aacbcaab

baacbcaa

acbcaaba

cbcaabaa

abaacbca

bcaabaac

caabaacb c

a

c

b
a

a

b
a

Ordered graph, a
node per rotation 

Edges according
to the LF-map

Edges are order
preserving

Wheeler Graph!



  

Beyond BWT: Wheeler graph

Directed labeled graph with ordered nodes
x(1)  x(2) ... x(n)

Each edge has a label over an alphabet A
  x(j) = E(x(i),c)   (edge x(i) → x(j) with label c)

Edge ordering properties:  ∀ i,j
a<b     E(x(i),a) < E(x(j), b)    
x(i) < x(j)  E(x(i),c) ≤ E(x(j),c) 
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bg        bgr  g         gr   gr   grlabels:

7

A colorful 8-node Wheeler graph
(Nodes are replicated as sources and sinks)



  

21 3 54 6 87

21 3 54 6 87

bg        bgr  g         gr   gr   gr

001  1    0001 01    1   001  001  001

1  001  0001   1   001   01  001  001

unary
out-degree

labels:

7

in-degree
unary

Succinct representation of a Wheeler graph

Starting nodes: b→    g→    r→2 3 7

[Bowe et al '12]



  

The standard representation for a graph with n 
nodes and m edges takes O(m log n) bits.

Because of their structure, Wheeler graphs  
can be represented in O(n+m) bits and still 
support constant time navigation.

Many BWT-related succinct indices have a 
Wheeler Graph structure. This explains the 
“succinct” part
 

What about indexing?



  

Searching for substrings
of ABRACADABRA

We can use a DFA

Simple but not 
space efficient



  

Searching for substrings
of ABRACADABRA

Compacted Trie

More space efficient!



  

Searching for substrings
of ABRACADABRA

Suffix Tree

“theoretically” 
space efficient



  

Searching for substrings
of ABRACADABRA

We can use a NFA!

Every state initial & final
Extremely space efficient!



  

Searching for substrings
of ABRACADABRA

We can use a NFA!

Every state initial & final
Extremely space efficient!

Searching is a headache 



  

Searching for substrings
of ABRACADABRA

Example: 
Searching ABR
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Searching for substrings
of ABRACADABRA

Example: 
Searching ABR



  

Searching for substrings
of ABRACADABRA

Example: 
Searching ABR



  

NFAs made simpler 

NFA for
ABRACADABRA



  

NFAs made simpler 

“Naturally” assign
a label to each state



  

NFAs made simpler 

Arrange NFA states
according to labels 

“Naturally” assign
a label to each state



  

Searching in a sorted NFA

Example: 
Searching ABR



  

Searching in a sorted NFA

Example: 
Searching ABR



  

Searching in a sorted NFA

Example: 
Searching ABR



  

Searching in a sorted NFA

Example: 
Searching ABR

Two occurrences found!



  

NFAs made simpler 

Easy to search 
sorted NFA



  

NFAs made simpler 

Wheeler Graph!

No need to store
the state labels



  

NFAs made simpler 

Add one arc 
for symmetry



  

NFAs made simpler 

ABDBC$RRAAAA
is the BWT of

(ABRACADABRA)R

Add one arc 
for symmetry



  

Summing up

By rearranging the NFA states:
searching becomes easier
the NFA becomes an easy to navigate 
Wheeler graph 

The BWT can be seen as a succinct 
representation of the reordered NFA 



  

This trick works for other search problems: 
many BWT variants can be seen as 
Wheeler graphs obtained by reordering the 
states of an appropriate NFA. 



  

2019

In 25 years some important issues have been 
solved, but they usually lead to more difficult 
open questions

UK is leaving
EU (maybe)



  

Repetitive collections

Today we are interested in compressing and 
indexing large collections of repetitive data

The plain BWT index is not suitable for 
repetitive data for the cost of the SA samples  

Using a, so far undetected, property of the BWT 
[Gagie et al, 18] made a significant progress 
introducing the r-index. Can we do better? 



  

Space efficient construction

In 1994 suffix sorting algorithms were either 
memory hogs or slow for some inputs 

Many improvements in 25 years: we now have 
O(n) time O(n log σ) space algorithms, but still 
space for improvements

External memory BWT/LCP computation for 
inputs larger than the available RAM (see 
[WABI 18] for some preliminary results)



  

BWT as a compressor

Most of the mainstream compressors released 
in the last 20 years are based on LZ77 parsing, 
eg. LZMA, Snappy, Brotli, Zstd

LZ77 has more “free parameters” and can offer 
a wide range of compression/speed trade-offs

In BWT compression we cannot easily trade 
compression for speed



  

Sample results (1)



  

Sample results (2)



  

Conclusions

Block sorting was indeed an unusual compressor

The Burrows-Wheeler Transform taught us that   
compression should be (almost) free

Even after 25 years new properties are discovered 
and translated to efficient algorithms: r-index, 
tunneling, Wheeler graphs, …

There is no lack of challenging problems mainly  
coming from NGS analysis  
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